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Abstract 

We give a parameterized generalization of the sum formula for quadruple zeta 
values. The generalization has four parameters, and is invariant under a cyclic 
group of order four. By substituting special values for the parameters, we also 
obtain weighted sum formulas for quadruple zeta values, which contain some 
known results. 



1 Introduction 

A multiple zeta value is a generalization of a classical special value of the Riemann 
zeta function ({s) = Ylm=i ^/f^'^^ and is defined by 

C(/i,/2,...,/n) := ^r4- — r (1-1) 

r7ii>m2>-->m„>0 II n 

for an index set {li,l2, ■ ■ ■ Jn) of positive integers with li > 2. The integers / = 
h + ■ ■ ■ + In and n are called the weight and the depth respectively. These values have 
arisen in various areas such as geometry, knot theory, number theory and mathematical 
physics [^. There are many relations among these values, and an outstanding example 
is the sum formula which was proved for depth two by Euler 0, for depth three 
by Hoffman and Moen and for general depth by Granville and Zagier ||23 



independently. The formula says that the sum of all multiple zeta values of fixed 
weight I and depth n is expressed by the special value ({I), that is, 

J2 C(^l,...,/n) = C(0- (1-2) 

il>2,i2,...,in>l 
(ll + --- + ln = l) 

Various generalizations of the sum formula have been studied: Ohno's relations, the 
cyclic, restricted and weighted sum formulas ll|, H, ||, |10], |l^, |16|, [l^, |18], [19|, Re- 
cently parameterized generalizations of the sum formula, which we call parameterized 
sum formulas, were given for double and triple zeta values [§, |l^. The parameterized 
sum formula for double (resp. triple) zeta values has two (resp. three) parameters, and 
is invariant under a cyclic group of order two (resp. three), more precisely, the sym- 
metry group 5*2 of degree two (resp. the alternating group As of degree three). By 
substituting special values for the parameters, these formulas yield some weighted sum 
formulas which contain the results of Ohno and Zudilin ]TB|, Theorem 3] for double zeta 



values and of Guo and Xie [|], Theorem 1.1] for triple zeta values. 
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In this paper, we give a parameterized sum formula for quadruple zeta values which 
has four parameters and is invariant under a cyclic group of order four. By substituting 
special values for the parameters, we also obtain weighted sum formulas for quadruple 
zeta values which contain results of Guo and Xie and of Ong, Eie and Liaw |19| . 



We prepare some notation in order to describe the parameterized sum formula 
precisely. Let S'„ be the symmetric group of degree n and e its identity element, 
in particular, we put 5* = 5*4. Let (ai, . . . , 0"™,) denote the subgroup generated by 
permutations cri,...,o"m- Let C be the cyclic group ((1234)) of order four, and C 
the subset {e, (1234)} of C, where (^l . . . ^m) means a cyclic permutation defined by 
ii ^ ■ ■ ■ y-^ im ^ H- Let H„ stand for Ha for any subset H and element a of S. We 
define a left action of 5* on the ring C[xi, X2, ^3, X4] of polynomials in four variables 
by a ■ /(xi,X2,X3,X4) := /(a;<x(i), x^(2), x^(3), x^(4)) where cr G and /(xi, X2, X3, X4) G 



C[xi, X2, X3, X4]. We put Xj^. 



'3m 



[X 
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G Cfxi, X2, X3, X4] for integers 



,jm,k with 1 < ja < 4, > 0. For example, we have for a, p,u G S, 



X 



1234 



(Xi + X2 



X3 + X4J 



ap ■ X234 



a ■ X 



p(2)p(3)p(4) 



X 



^ L"''1234-^234 "T -^Xv 



ap(2)t7p(3)ap(4) ) 



1 _ _|_ 

l\ ~ •^(T(l)(7(2)<T(3)(T(4)'^CT(2)tT(3)(T(4) •^<T(l)(Tv(3)•^(T^/(3)(T(2)• 
The parameterized sum formula for quadruple zeta values is as follows. 



THEOREM 1.1. Let I he an integer with I > 5, and xi,X2,X3,X4 be parameters. Let 
mean running over all positive integers h^hihi U satisfying h > 2 and h + h + h^ 
U = l, and (([) mean ({li,l2,h,h) ■ Then we have 



\ X!]^ ' [^1234^234 ^34 ^4 ] 



(1.3) 



jG5 



cr 



o-GCUC, 



(34) 



•^134 •^p(2)^ 

pe((234)> 



p(2)p(3)p(4)^p(3)p(4)^p(4) 



^ -^314 "''14 •^p(2)i: 



U-l _|_ h-l h-l h~l 
p(2)p(4)-^p(4) "^"''341 "''41 "''1 -^2 



P6((24)> 



"^Z^*^ Z^'^M3)-^i/(3)2-^pi/(2)p(4)-^p(4) Z^"^i/(l)3-'^2i/(3)''^i^(3)''^K4) 



<t6C '-pG((i/(2)4)) 



'i-l^«2-l^i3-l^U-l ^h~l ^h-l ^h-l 



41 -'^ ]^ i/yQ i/y 



Xi- , >-» ^ />-» ^> /y 



•C(l) 



X 



X. 



Xg 



X/i 



(il+i2+'3+'4=0 



We see that ( |1.3|) is a straightforward generalization of the original sum formula 
because ( |1.3|) with (xi, X2, X3, X4) = (1,0,0,0) gives (|1.2|) for n = 4, and that ( |1.3|) is 
invariant under C since XIo-gs ^'^'^ Xlo-ec ^ unchanged under any left action 

ofC. 

As applications of the parameterized sum formula, we give the weighted sum formu- 
las in Theorem |1.2| below, which consist of the known formulas (|1.4|), (|1.5D and (|1.6|), 
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and the new formula ( |1.7| ) whose weights have not only powers of 2 but also powers 
of 3. To be exact, (|L^) and ( |1.6|) were the results of H, Theorem 1.1] and |]19], Main 
Theorem] for quadruple zeta values, respectively. It seems that ( |1.5| ) is not printed out 
anywhere, but ( |1.5|) is easily derived from subtracting ( |1.6|) from twice ( |1.4|) . 

THEOREM 1.2 (cf. and [|19[). Let I, J2' and C(l) be as m Theorem \T1\. 

(i) We have 

^[p}i2,-2 ^ 2^12-2 _|_ 2'i-i - 2^2^-^ - 2'2-^)C(l) = Kil), (1.4) 

Y^[pii2,~i + 2^12^1 _ 2^23 _ 2'2 _ 2'^^+i)C(l) = (/ - 3)C(/), (1.5) 

^'(2'i+2'3H-i)C(l) = (/ + 3)C(/). (1.6) 

(ii) We have 

Y^{^^h2h-i _ _ i)2'-C(l) = ^1±M-±^1—^C{1). (1.7) 
We outline the ways to prove the theorems. Theorem |1.1| is shown by a similar way 



adopted in |T3[, that is, we give some identities for multiple polylogarithms instead of 
multiple zeta values, and induce ( |1.3|) from the identities by using asymptotic properties 
of multiple polylogarithms. Formulas ( |1.4| ) and ( |1.5| ) in Theorem O are directly proved 



by substituting special values for the parameters in (|1.3|) , and (|1.6| ) and ( |1.7|) are 
induced from Q-linear combinations of equations obtained by substitutions. 

It is worth noting that we also obtain some weighted sum formulas whose weights 
are written in terms of powers of 2 and 3 in the course of the proof of (|1.7|) , which 
do not have smart expressions like (|1.7|) (see Remark [4.2| ). Furthermore, we prove an 
equation about a cyclic sum of quadruple zeta values, which is related to Hoffman's 
result 10, Theorem 2.2], in giving the identities for multiple polylogarithms (see Remark 

The paper is organized as follows. In §0 which has three subsections, we discuss 
some facts about double, triple and quadruple polylogarithms as a preparation to prove 
the theorems. and devote the proofs of Theorems [TT] and |1.2| , respectively. 



2 Parameterized sums of multiple polylogarithms 

Let Lz;^ ... ;^(zi, . . . , Zn) bc the multiple polylogarithm which is defined by 

L.,,...,J.„...,^„):= Y: ' V-. , " (2-1) 



mi m„_i rn„ 



mi,...,m„>0 



(mi H h m„y^ ■ ■ ■ (m„„i + m„y" ^ m^" 



for an index set (Zi, . . . , /„) of positive integers and a n-tuple {zi, . . . , Zn) of complex 
numbers with \zj\ < 1. We define parameterized sums of double, triple and quadruple 
polylogarithms by 

D£i(xi, X2] zi, Z2) := x'r'x'r^Ltiizi, Z2), (2.2) 
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Xi, X2, X3, X4', Zi, Z2, Z3, Z4) : — N Xi X2 x^ x^ Lii^Zi, Z2, Z3, Z4) , 

where means running over all positive integers /i, . . . , /„ with / = /i + ■ ■ ■ + /„ and 1 
does (/i, . . . Jn) for suitable n. We also denote x^~^Lii{z) by &2,i{x; z) for convenience. 
We note that and are different; contains h = 1 but does not. 

In this section, we give some identities for the above parameterized sums, and cal- 
culate constant terms of asymptotic expansions of functions appearing in the identities. 
This section has three subsections; The first and second subsections devote the proofs 
of the identities, which are derived from harmonic and shuffle relations (see the sub- 
sections for details of the relations). In the third subsection, we calculate constant 
terms. 

2.1 An identity derived from harmonic relations 

The purpose of this subsection is to prove the following identity. We will give the proof 
in the end of this subsection. 

PROPOSITION 2.1. Let {zf denote the n-tuple {z,z'^,..., z"), and I be an integer 
with I > 4. Then we have 

-"^a ■ il£.i{xi,X2,X3,x^]{z)^) (2.3) 
o-ec 

+ ^ a ■ [1£,a{xi, X2, X3; {zf)&£,bixi; z)] 

a>3,b>l aeC 
(a + i)=i) 

+ Yl Y^-[^^a{xi,X2;{zf)^2.h{x3,X4;{zf)] 

(.trio 

- Yl 5^^- [2^-Ca(a;i,X2;(z)')6i:6(x3;^)©i:c(x4;^)] 

a>2.b.c>l aGC 

+ Y &^a{xi;z)&£,b{x2;z)&£,c{x3;z)&2d{xi;z) 

a jbjC.dy 1 
(a + b + c+d=l) 




We prepare some notation for the discussion after this. Let A{g S) be the al- 
ternating group of degree four. Let a ■ (/i, . . . , /„) denote (a ■ /i, . . . , a ■ /„) for any 
permutation a of 5* and ordered set (/i, . . . , /„) of polynomials in four variables. We 
especially consider the case that each fj is expressed by (1 < ja < 4), where 

h,h,h, U are positive integers. For a multiple polylogarithm Lii{z, w, . . .) having such 
an ordered set 1, we set a ■ Lii{z,w, . . .) := Li^.i{z,w,...), and extended it to the 
Q-algebra spanned by Lii{z, w, . . .)'s naturally. For example, 

■ [^^^l2,^34(^^^^) + Lii,23{z^)Li^{z)] = Li^.{i^^^i.^^){z'^ , z^) + Li„.i^^^{z^)Li„.i^{z) 
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The key relations for the proof of ( p.3|) are the following harmonic relations which 
are derived from decomposition of summation. 

LEMMA 2.2. Let li,l2,h,U be positive integers. 

(i) We have 

)] + Lzi 

1,12,134, (^5 ^ ' ^ ), (2.4) 
Wi = {e,(34),(243),(1432)}. (2.5) 

(ii) We have 

Lih,h{{zf)Lii^,i4i{zf) = 5^ ^ ■^^«i,i2,«3,u((^)^) 

+ ^ (7 ■ [LZi,2,,3,^(2;2, + Lii^i^.^^^{z, , z^) + Lii^^i^^i^^{z, z^, z^)] 

0-6V2 

+ (23) ■Lti,,,i,,{z\z^), (2.6) 

V2 = {(23), (1342)}, = V2 U {e, (13)(24), (132), (234)}. (2.7) 

(iii) We have 

Lih,h{{zf)Lii^{z)Liu{z) = ^ a ■ Lii^,i^^i^^i,{{z)^) 

+ ^ (T ■ Lii^^^i^^i^{z^ , z^, z^)+^a ■ Lii^^i^^j^{z, z^, z^) + ^ a ■ Lii^^i^j^^{z, z'^, z^) 

aeVf a&Vl <^6V| 

+ a-Lz;,,,;3,(z2^2;^) + (24)-Lz;,,3,^(z3^;^^) + Lz;,,;,3,(z,z^), (2.8) 

where 

W3 = {(23), (24)}, V3 = W3 U {(34), (1342), (1423), (1432)}, (2.9) 
Vt = Vs \ {(34)}, = V3 \ {(1432)}, V^, = V3 \ {(1423)}, 
i^3 = V3 U {e, (13)(24), (132), (142), (234), (243)}. 

(iv) We have 

Lii,{z)Lii^{z)Lii.^{z)Li^{z) = ■ Lii^^i^j^j^{{z)^) 

+ ^ (7 • [L^^,2,^3,^4(^^ ^^ ^^) + Lii^,h3,u{z^ ^^ z^) + Lii^,h,hi{z, z^ , z% 

+ ^ a-Liz,2,z3,(2;^2;^) + ^(T- [Li;,23,z,(2;^ 2^) + ^^^,,^,3,(2;, /)] + Liz,234(^^)- 
ctgcuC(i4) f^ec 

(2.10) 
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Proof. By (|2 . 1|) , we have 



mi -7712 ^m2-"i3 ms m4 
-^1 ^2 ^3 ^4 



m-^ >tn2 >'>^^ >L) 1 Z o 4 

m4 >0 

From this and the decomposition of the summation 

E = E + E + E + E 

mi>7n2>m^>Q mi >m2 >'m3 >m4 >0 mi>m2>m4>m3>0 mi>m4>m2>m3>0 m4>mi>m2>m3>0 

m4 >0 

+ E + E + E . 

mi=m4>m2>m3>0 mi>m2=m4>m3>0 mi>m2>m3=m4>0 

we see that 

Lih,i2,i3{zi,Z2,Z3)Lii^{z4) = Lii^ , Z2, ^3, ;234) + Lii-^^i^^i^^i^(zi, Z2, Z24, 2^34) 

+ -^^/i,/4,'2,'3(^l' ^145 ^245 ^34) + Lii^^i-^^i2^i^(z4^, Z^^, Z24, 2:34) 

+ Lii,a2.h{z*ii^ 4i) + Lii,,i^^,i,izi, ^247 2^34) + Lii,,i,,i^^{zi, Z2, z^^), (2.11) 



where we put z^x---jm — ^ii ' ' ' ■ ( p. 1 1|) with {^z-i^ 2^2, 23, Z4) — (2;, 2:^, 2^"^, 2;) and 
Table we obtain 



As the same way, we see from the decomposition of ^ >m2 >0 that 

>m4 >0 

Lii^,l^{Zi, Z2)Lii^,u{z3, Z4^) = Lii^^i^^i^^i^{zi,Z2,Z23,Z24) + Lii^j3,l2j^{zi, Zl^, Z*23, Z24) 

+ Liij^^i^^i^^i^{zi, 2:^3, 2:^4, 2:24) + Lii^^i^^i^^i^{z3, zjj'g, ^23! ^24) + ^kaMMhi^s, ^13^ ^i4' ^24) 
+ -^^«3,U,«i,i2(^35 2:4, 2;j['4, 2:24) + Lii^^ i^^^{zl3, Z23, Z24) + Lii^^ i^^i^{zl3, z{^, 2:24) 

+ Lilj^,l23,u{^iy ^23' ^24) + L%,h4,l2i^3, Z24) + Lii^j^^i2^{zi, zl^, Z24) 

+ L%,ii,i24i^3, ZI3, Z24) + Lii^.^^i2^{zl.^, Z24), (2.12) 

which with {zi, Z2, Z3, Z4) = {z, z"^, z, z"^) and Table |l] proves (|2.6|) . 

We will verify (U) by using (|2.6|) . For this we need the following harmonic relations 
which are obtained by the decomposition of ^mi>c) and the one of ^ m-i >m2 >0 , 

m2>0 m3>0 

Lik^{wi)Lik2{w2) = Lik^^k2{wi,wl2) + Lik2,ki{w2,wl2) + ^4^2(^7*2), (2.13) 
Lik^^k2{wi,W2)Lik^{w3) = Lik^^k2M{'^i^^2,w*23) (2.14) 

+^«fei,fc3,fc2(^i> «^i3' ^23) + LiksMMi^s, WI3, W23) 

+^4i3,fc2(^13'^23) + LikrMai^l^^W- 



By ( p.l3| ) with (^1,^2) = {z,z) and (/ci,/c2) = (^3,^4), and ( p.l4|) with (^1,^2,^3) = 
{z,z'^,z'^) and (/ci, /c2, /C3) = (/i, ^2, ^34)5 we obtain 

Lii^{z)Lii^{z) = ^ a-Li,3,z,((2)^) + Li/3,(2;2), (2.15) 

ae((34)> 

L^;,,z,((2;)')L2;3,(^2) = {IA2?,)-Lii,,,i,^i,{z\z\z^) (2.16) 

+ (24)-L^z,,Z33,z,(2:,z3^2:^) + (34)-L^;, 
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Table 1: Each row of the hsts gives the conditions of 1 and a for 1 = a ■ 1', where 

1' £ {(^12, ^3; ^4), (^1, ^23; ^4), (^1, ^2, ^34), (^12, ^34), (^123; ^4), (^l? ^234)}- 



1' = 


(^12, '3, U) 


1' = 


[h, 123,14) 


1' = 


(h, 12,134) 


1 




1 


a 


1 






e,(12) 


{ll,l23,U) 


e, (23) 


(^1, '2, ^34) 


e, (34) 




(12)(34), (34) 


{h, 124,13) 


(243), (34) 


(^1, ^3: '24) 


(234), (23) 


{li3,h,li) 


(132), (23) 


{h, 134,12) 


(234), (24) 


(^1,^4, '23) 


(243), (24) 


{h3,l4,h) 


(234), (1342) 


{h, 113,14) 


(123), (12) 


(^2,^1,^34) 


(12)(34), (12) 


(^14,^2,^3) 


(243), (1432) 


{l2,h4, 13) 


(12)(34), (1243) 


(^2, ^31 '14) 


(123), (1234) 


(^4, ^3: '2) 


(142), (24) 


{l2,l34,h) 


(124), (1234) 


('2, U, ^13) 


(124), (1243) 


{l23,h,h) 


(123), (13) 


{h,ll2,l4) 


(132), (13) 


(^3,^1,^24) 


(132), (1342) 


(^23, '4, h) 


(134), (1234) 


{I3,h4,l2) 


(13)(24), (1342) 


(^3, '2, ^14) 


(134), (13) 


{h4,h,l3) 


(143), (1243) 


{l3,l24,h) 


(134), (1324) 


('31 U, '12) 


(13)(24), (1324) 


{l24,l3,h) 


(124), (14) 


{I4, /l2, '3) 


(143), (1432) 


(U, ll,l23) 


(142), (1432) 




(13) (24), (1423) 


{U, h3,h) 


(142), (1423) 


iU, h,h3) 


(143), (14) 


il34,l2,h) 


(14)(23), (1324) 


{I4, l23,h) 


(14)(23),(14) 


{14,13,112) 


(14) (23), (1423) 



1' = (h2,l34) 


1 


O" 


('12, '34) 


e,(12)(34),(12),(34) 


('l3: '24) 


(132), (234), (23), (1342) 


(^14, '23) 


(142), (243), (24), (1432) 


('23: '14) 


(123), (134), (13), (1234) 


('24, '13) 


(124), (143), (14), (1243) 


(^34,^12) 


(13)(24), (14)(23), (1423), (1324) 



1' = («123,U) 


1' = {ll,l234) 


1 


(T 


1 


a 


('l23: I4) 
('l24, ^3) 
(^134, h) 

{I234, h) 


e, (123), (132), (12), (13), (23) 

(12) (34), (143), (243), (34), (1243), (1432) 

(13) (24), (142), (234), (24), (1342), (1423) 

(14) (23), (124), (134), (14), (1234), (1324) 


{h, I234) 
('2,^134) 

(^3, ^124) 

{14, 1123) 


e, (234), (243), (23), (24), (34) 

(12) (34), (123), (124), (12), (1234), (1243) 

(13) (24), (132), (134), (13), (1324), (1342) 

(14) (23), (142), (143), (14), (1423), (1432) 



l,l234{^y ^ )• 

By (|2.15|) , we also get 

Lih,i2{{zf)L%{z)Lii^{z) 

= Yl cT-[Lz,,,,((z)^)Lz,3,,,((z)^)]+Lz,„,,((^)^)Lz,3,(z2). (2.17) 

aG((34)) 

Since direct calculations show that 

((34))-W2 =^3, 

((34)) -Vs = {(23), (1342), (243), (142)}, 
((34)) -(23) = {(23), (243)}, 

(PD, (|2l6|) and (|13) with Table |l] prove (p)). 

We verify ( p.lO[ ) finally. To exactly express the decomposition of a summation by 
permutations is difficult in general, but the case of J2mi m2 ma m4>o ^'^^ since the 
summation is invariant under S and its decomposition can be understood in terms of 
quotient sets of S as we see below. For an odd permutation (ij), A is a transversal of 
5*/ {{ij)) since the numbers of A and S/ {{ij)) are equal and the canonical projection of 
A into S/ {{ij)) is injective. It also foUwos from Table || that C U C(i4) is a transversal 
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of 5/((12),(34)), since C = {e, (1234), (13)(24), (1432)}, C(i4) = {e, (1234)}(14) = 
{(14), (234)}, and ^/((12), (34)) is isomorphic to 1 1 < Ja < 4,j, ^ 3,{a ^ 

h)} / ~ by representation theory, where we say that li ~ I2 for Ij G {(^jij2 5 ^^3^4)} if 
and only if there is a permutation a such that li = cr ■ I2. Similarly it holds that C 
is a transversal of 5'/S'*, where S'* denotes {a G S | a{i) = i} and i = 1,4. Let N be 
the set of positive integers and m mean a lattice point {rrii, 7712, m-^, 7714) in N^. Since 
A, C U C(i4) and C are transversals of certain quotient sets, the lattice points in 
decompose into the following disjoint subsets; 

{m I m^(i) > m^(2) > m„(3) > m<^(4)}, {m | m^(i) = m^(2) > m^(3) > m^(4)}, 

{m I m^(i) > mr(2) = rUr^s) > m^(4)}, {m | m^(i) > m^(2) > m^(3) = m^(4)}, 

{m I mp(i) = mp(2) > mp(3) = mp(4)}, {m | mj,(i) = m^(2) = 771^,(3) > m^(4)}, 

{m I m^(i) > mj,(2) = m^(3) = 771^,(4)}, {m | = m2 = 7713 = m4}. 



where a e S,t e A,p e C U (7(i4) and z/ G C. Similarly to (U) and (pj), (|2l0| ) 
follows from the decomposition of J2mi m-s m4>o induced by the one above. □ 



We prepare some equations in order to prove Proposition |2yT|, which are obtained by 
summing up each harmonic relation in Lemma |2]^ with (/i, I2, h, h) = a ■ {hyh, h, U) 
for all 0" G C. 

LEMMA 2.3. Let h^h^h^h be positive integers. 
(i) We have 

+ (E~ E ~ E J^- [^^^l2,^3,^4(2;^2;^2:^) + L^^,,^23,^(2:,2;^2:^) 



(13) <^tL'(23)/ 

2 



+ Lzz,,z,,,3,(2:,2:^^^)]. (2.18) 

(ii) We have 

aeC \creC <tGC(i4) o-GC(23)/ 

+ ^ a ■ [Li;,2,i3,;4(z^ 2;^) + Lii^^i^^^i^{z, ^^ z^) + Lii^^i^j,^{z, z^, z"^)] 

'^GC'(23) 

+ 5^ a-L^,,„z3,(z2,2^). (2.19) 

0-GC(i4) 

(iii) We have 

J2(^-[Lih,h{{zf)Lii3{z)Lii,{z)]= (2^ + 5^^ E ) ^ " ^^'i-'2,«3,u((2)^) 
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\ a-eA o-eC(i3)/ 

+ E )^-^^h2,;34(^',^') + E^-[^^'-3,u(^',^')+^^h,/234(^,^')]- (2-20) 

Proof. We see from direct calculations that 5* is decomposed into the six right cosets 

C = {e, (1234), (13)(24), (1432)}, C(i2) = {(12), (134), (1423), (243)}, 
C(i3) = {(13), (14)(23), (24), (12)(34)}, Qu) = {(14), (234), (1243), (132)}, (2.21) 
C(23) = {(23), (124), (1342), (143)}, C(34) = {(34), (123), (1324), (142)}, 

and from Table |l] that 

C = C(i2), C'cis) = C(34), C{ii) = C{2-i) inS'/((12)), 

C = C'(23), C'(i2) = C'(34), C'cis) = C'cM) in5'/((23)), (2.22) 

C = C(34), C(i2) = (^(is), C'(i4) = C'(23) in >S'/ ((34)). 

By ( |2.21| ) we obtain 

E =2E+ E + E. E = E • 

Summing up ( p.4|) with (/i, hjs^h) = cr ■ (/i, ^2, ^3, ^4) for a G C thus gives ( p. 181) since 
A is a transversal of ^/((12)), 5/((23)) or S/{{M))._ _ 

Similarly we find from direct calculations that C ■ V2 = C*(23) and C ■U2 = C U 
C(i4) UC(23), and from Table [l| that C(23) = C*(i4) in 'S'/((12), (34)). Therefore summing 
up (|]6]) with (Zi, I2, 13, h) = a ■ [h, I2, h, U) for cr e C gives (|2.19| ). 

We see from ( |2.21| ) that 

E = E + E. 

creC-Ws 0-60(13) o-eC(23) 

E =E+ E H- E +2 E + E. 

(tgc-Vs (jgc o-gC(i2) o-gC(i3) o-eC(23) o'eC(34) 

E =2E+E- E. 

and from Table |that ^(13) = C, C(23) = ^(m) in 5/((12), (34)) and C(24) = C in S/S^. 
Because of ( ^^221) , summing up ( t2.8|) with (/i, Z2, ^3, ^4) = cr ■ (/i, I2, Is, I4) for cr G C also 
gives (!HOi ). □ 



We prove Proposition 2.1 



Proof of Proposition It follows from (CT) , (|2l8|) , (pl9|) and ( ^1201) that 

■ [Li,,,,,,,3((2;)'^)Li^(2) - Li«,,,,((2;)^)Lii3(2)Li^(2;)] 

■ [Li;,^i2((2;)^)L2i3,^((2)^)] + Li;, (2;)Lii2 (2)^^,3(2)^2^(2;) (2-23) 



creC 



Adding together (|]2|) up to 4 for all positive integers h^h^h^h 

with h + l2 + l3 + h = l proves (O). □ 



REMARK 2.4. Let 1 = (/i, ^2, /s, ^4) be an index set of integers with Ij > 2. By (|2^ ) 
with 2; = 1, we obtain an equation for a cyclic sum of C{\), 

5^a-C(l) = C(/l)C(/2)C(^3)C(/4) + 5^(7-[C(/l,/2)C(^3,^4)] 

+ 5^ a ■ [c(/i, I2, h)ah) - cih, i2)ah)ah)] - c(^i234). (2.24) 

On the other hand, Hoffman ||^, Theorem 2.2] proved equations for symmetric sums 
of multiple zeta values. The equations in cases of double, triple and quadruple zeta 
values are as follows. (Note that A instead of ( is used for a symbol of multiple zeta 
value in 0.) 

$^^-C(l2) =C(/i)C(/2)-C(/i2), (2.25) 

^ a ■ cih) = cmmih) - E ^ ■ [c(^i2)c(^3)] + 2C(/i23), (2.26) 

o-eSs o-G((123)) 

5^ a ■ C(l) = C(/i)C(/2)C(/3)C(/4) - E ^ ■ [C(^12)C(/3)C(^4)] (2.27) 
'^es (TecuC(i4) 

+ J2 ^■[C(/l2)C(/34)]+2 5^a-[C(/l23)C(^4)]-6C(/l234), 

o-G((123)) o-eC 

where we put I2 = (/i, h) and I3 = (/i, I2, h). 

By virtue of (|2.25| ) and ( |2.26|) , summing up ( p.24| ) with the left actions of a G 
{e, (12), (13), (14), (23), (34)} yields (g^) after some calculations. 



2.2 Identities derived from shuffle relations 

The purpose of this subsection is to prove the following identities. 

PROPOSITION 2.5. Let {2}" denote the n-tuple (2;, . . . , 2;), and I he an integer with 
I > 4. 

(i) We have 

^ T£a(xi,a;2,a:3; {z}^)6£i,(x4; z) = ^ H-CK^^u, 2:24, a;p(3)p{4), a:p(4); {2;}^) 

> 

n£i(xi4, X42, X2, X3; {zY) + n£i(x4i, xi, X2, X3; {zY). (2.28) 



a>3^6>i p6((34)) 

(a + o— i) 



(ii) We have 

^ ^2.a{xi,X2]{zf)1^^b{x-i,Xi-{zf) (2.29) 



a,6>2 
(a + 6=I) 
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aG({13){24)) '-PG((24)) 

(iii) We have 

J2 ^^a{xi,X2;{z}^)&2.b{x3;z)e2c{x^-z) (2.30) 

a>2,b,c>l 
(a + b+c=l) 

= 0- ■ nii;(xi34,Xp(2)p(3)p(4),a;p(3)p(4),a;p(4); {2;}^) 

ae{(34)> '-pe((234)> 

+ 5Z ^^ii^3u,xu,Xp^2)p{i),Xp^i);{z}^) + £l£,i{x3ii,X4i,Xi,X2;{zY 

PG((24)) 

(iv) l^e /ia^ie 

&i^a{xi;z)&Slk{x2;z)G2c{x3;z)G2d{x4;z) (2.31) 

a,b,c,d> 1 

= ^ a ■ £}i2i(xi234, 2:234, 2:34, Xi, {z}^). 

As we see in the proof below, each coefficient of / 's of the above 

identities is a shuffie relation for quadruple polylogarithms because of the equivalence 
between partial fraction expansions and shuffie relations (see and [0). 

Proof of Proposition 2J^. By the partial fraction procedure (see Lemma 2.3] for 
example), we obtain 

— ' — ' 

?^123"^23"^3"24 "^^(1)<7{2)(7(3)<7(4) "^<7{2)a(3)<7(4) "^<7{3)a(4) "^<7{4) 

where U.\ is the set defined in (|2.5| ) . By replacing by rrij — tyj and calculating the 
coefficient of t''~^, we get 

.>4r>. V 'l.£^>l ^123"^2>3^ / ^4 

{a + b^l) (;j+l2+i3 = a) 

ya{lM2)a{3)a{4)ya{2)a{3M4)ya{3M4)ya{4) 32) 

aGWi !i,!2.i3>U>i "''<T{l)(7(2)<7{3)a(4) "V(2)<7{3)(7(4) "V(3)<7{4) "V(4) 
{'l+'2 + i3+'4=0 

By (|2.1| ) and (p.2|) , the sum of (|2.32|) up to 2;'"i234 fQj. g^jj positive integers mi, m2, m3, m4 
gives 



^ 1iia(yi23, ?/23, y3\ {A^)'5^h{y4\ ^) = ^ ' nil/(?/l234, 1/234, 1/34, ?/4; {^j"^ 

a>3,b>l o-eWi 

{a + 6=0 

which with (?/i, 2/2, 2/3, 2/4) = (a;i - X2, X2 - X3, X3, X4) proves ( p.28|) . 
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In the same way, we can find from tlie partial fraction expansion 



mi2m2m34m4 '^f7(l)o-(2)CT(3)CT(4)"T'CT(2)CT(3)(T(4)"^CT(3)(T(4)'^cr(4) 



that 



^ ^a{y 12, y 2] {z} )^^b{y34,yi;{z} ) = 2^ • n£;(yi234, 1/234, 2/34, 2/4; {^l ), 

a,b>2 aeU2 
{a + b=l) 

which with {y^, y2, 2/3, 2/4) = {xi - X2, X2, X3 - x^, X4) proves ( |2.29|) . 



Identity ( p.30| ) can be reduced to ( p.29|) by using 

^ &£,h{x3;z)G2c{x4;z) = ^ a ■D£,k{x34,X4;{z}'^) 



6.c>i <Te((34)) 

{b+c = k) 



for integers k > 2, which are obtained by the typical partial fraction expansion 
1/777.3777.4 = l/m347774 + 1/777437773. 

Identity ( p.31| ) is proved by the partial fraction expansion 

' 

7?7i777277737774 ^ ''^(t(1)ct(2)(t(3)ct(4) "^tr(2)(T(3)cr(4) '^cr(3)(7(4) "^(7(4) 

similarly to ( jZ^ ) and (^). □ 



2.3 Asymptotic properties 

Let O denote the Landau symbol. For any function F{z) which has a polynomial P{T) 
and a positive number J > 0, and satisfies the asymptotic property 

F{z) = P{- log(l - z)) + 0((1 - ^)(log(l - z)y) {z / 1), (2.33) 

we define the constant term of P{T) by Co{F(z)), that is, Co[F{z)) = -P(O). Here 
z 1 means bringing z close to 1 under the condition < ^ < 1. Function Co is well 
defined since -P(T) is uniquely determined by (|2.33|) . 

In this subsection, we evaluate images of some functions written in terms of mul- 
tiple polylogarithms under Co, which enable us to calculate the constant terms of the 
asymptotic expansions of the functions appearing in Propositions |2.1| and p.5| . 

Firstly we introduce the basic asymptotic properties about the multiple polyloga- 
rithms Lijj^ which were shown in [Tl|, §2]. 

LEMMA 2.6 ([|lll). For any multiple polylogarithm Lii-^ ^ i^{{z}^), there are a unique 
polynomial Zf^ i„iT) and a positive number J > such that (^. 39i ) holds. 

We call Zf^ i^{0) the regularized multiple zeta value, and denote it by • • • , In)- 

It is obvious by definition that 

Co{Ui,_i^i{zr))=Cik,...,Q. (2.34) 
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For example, C™(^i! ■ ■ ■ Jn) = C(^i! ■ ■ ■ Jn) for h > 2, and ("^{{l}^) = because 

Lt.iz) = -\og{l-z) and = ^V^, (2-35) 

n\ 

where the last equation is a shuffle relation derived from 

^— ■ 

mi - ■ ■ m„, "^CT(l)<T(2)-(T{n)''^<T(2)--(T(n) " " " "^(T(n) 

We define parameterized sums of regularized double, triple and quadruple zeta 
values by 

Dr(xi,X2) := x'r'x'r'Ci^), (2.36) 
Tr(xi,X2,X3) := Y! x'r'xt'x'r'Cil), 
£iT{x,,X2,Xs,x,) := ^^x^r^x^^^^xli^'-ixi^-ira), 

where 1 means for suitable n. We also denote x'~^C™(0 by for 

convenience, and easily see that Co(<3£i(x; 2)) = &f{x) by definition. 

The objective images under Cq are in Propositions |2.7| and p. 8| below. The images in 
Proposition (resp. p. 8] ) enable us to calculate the constant terms of the asymptotic 
expansions of the functions appearing in Proposition |2.1| (resp. p.5|) . 

PROPOSITION 2.7. Lei / be a positive integer. We assume that I > 2 in the first, 
I > 3 in the second, and I > 5 in the third equation. Then we have 



Co{^2i{xuX2;{zf)) =^T{xi,X2)+ { Ci2) (2-37) 

Co(T£i(xi,X2,X3; (2)'^)) = If (xi, Xa, X3) 

C(2)C(/-2)^,_3 




3 

Co{0.2i{xi,X2,X3,X4; {z)^)) = n^(xi, 0:2, X3, X4 



(^>3), 



.iPl,.,(,3,.,) + «5M^4-.. (2.39) 



PROPOSITION 2.8. Let I be an integer as in Proposition ^. 7( . Then we have 

Co{T)2i{xuX2;{z}')) = 2)^(^1,2:2), (2.40) 
Co{T:ili{xi,X2,xs;{z}')) = %T{xi,X2,xs), (2.41) 
Co(n£;(xi,X2,X3,X4; {2}^)) = 0™ (xi , X2 , X3, X4) . (2.42) 



By comparing Propositions |2.7| with |2.8| , we see that the images of 

I)£z(xi,X2; {zf), T£z(xi,X2,X3; (zf) and 0£z(xi, X2, Xg, X4; (2)'^) 
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under Cq are nearly equal to those of 



D2.i{xi,X2;{z}'^), 'I£,i{xi,X2,X3;{z}^) and ^2, 2:3, 0:4; {2;}^), 

respectively, but they have some extra values. 

We will prove the two propositions. Proposition ^]8| easily follows from ( |2.2| ), (|2.34| ) 
and ( p.36| ). We give two lemmas in order to prove Proposition p.7| . 

LEMMA 2.9. Let (/i, . . . ,/„), (ii, . . . and (ji, . . . , j„) be n-tuples of positive in- 
tegers. Assume that ii < ■ ■ ■ < in; ji < ■ ■ ■ < jn and ia < ja for every integer a. 
If there is a positive integer d such that d < n, li = ■ ■ ■ = Id = 1, Id+i > 1 and 
ia = ja {a = 1, . . . ,d), then 

hm {Lz,,_i„{z'\. . . , z'-) - Ui,_iSz^\ . . . , z^-)) = 0. (2.43) 

Proof. If ia = ja for any integer a with d + 1 < a < n, then Lii-^^,,,^i^{z^^ , . . . , 2*") = 
Liii,...,i„{z^'^ , . . . ,z^") and ( p.43|) holds evidently. Suppose that it is false and b is the 



smallest integer such that ib < jb- We set io = jo = 0, and put i'^ = ia — ia-i 
and j'^ = ja — ja-i for every integer a. From the conditions < ii < ■ ■ ■ < in and 
< ji < ■ ■ ■ < jn, we easily see that i'i,j[ > and i'a,ja > for any integer a with 
2 < a < n. Since i'^ = j'^ {a = 1, . . . ,b — 1) and z'j, < by the minimality of b, we 
have 

Lii,_i„{z'\. . . , z'-) - Lii,_i^{z^\ z^-) 

^j^miH hi'nmn _ ^jJ-miH \-j'„m„ 

mi>--->m„>0 i " 

^i{m.i+---+i'^mt(^^i',,+imi,+ i+---+i'„m„ _ ^{j'^-i'^)mh+jl_^-^m.t+i'^ hJi'imn") 



'rr ^ 

mi>->m„>0 



mj^' ■ ■ ■ 



We put i = i[ and j = max — z'^, j^^^, . . . , j^}. It is clear that i,j > 0. Under the 
condition < z < 1, we thus see that 

< Lii,_i„{z'\ . . . , z'-) - Lii,_iSz^\ . . . , z^-) (2.44) 



< 



E 



mi>->m„>0 ^ " 



mi>--->m„>0 i 



< 



E 



mi>--->m„>0 " 



Since 1 — z'^ = {1 — z) Ymi=o ^ ~ ^'^'^ > 1) it follows that 

^im,(i_^n,n^,^,) ^^^^^^ 

mi>--->m„>0 
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< nj{l - z) 

< nj{l - z) 



E 

>--->m 



mi>--->m„>0 '^l 



■ m 



d+l 



■ mt 



mi>--->m„>0 



nil ■ ■ ■ ITT-r. 



We see from (|05| ) that 



lim(l-z)Lz|i}.({^1") = 0, 

2 /"l 



which with (^liD and (HI) proves (|2l^ ). 



□ 



We note the following facts; When /i, . . . , are positive integers, /i ■■■/„ = 1 if and 
only if /i = ■■■ = /„ = 1, and Zi ■■■/„> 1 if and only if Ij > 1 for some j. 

LEMMA 2.10. Let li, I2, 13, U, I be positive integers. We assume that I = li + I2 + I3 
in the second, and I = h + I2 + I3 + h O'^d I > 5 in the third equation. Then we have 



Co{Lii,,i,{{zf))=C{hM) + 
C,{Ui,^i,,i,{{zf))=C{hMM) 



'0 {hk > 1), 
(/i/2 = l), 



(2.46) 



{hk > 1), 

_C(£M^ {l,l, = landk>l), 

{hkh = 1), 



(2.47) 



CM 
3 



'0 

C(2)C(^3,/4) 



{hh > 1), 

{hl2 = l andl3> I), (2.48) 
{hhh = 1 (ind U > !)• 



Proof. Strictly speaking, it is necessary to verify the fact that the polylogarithms in 
the lemma have asymptotic properties such as ( ^.33| ). This fact is easily seen in the 



courses of the proofs below by virtue of Lemmas |2.6| and p.9| , and we do not mention 
it anymore. 

Equations (|2.46| ) and (|2.47|) except the case of hhh = 1 are proved in |]13|, Lemma 
2.4], and we omit their proofs. The remaining case is derived as follows. We see 
from ( p.43| ) that Co[Lii^2{z, z^)) = Co[Lii^2{z, z)) = C™(1,2). By using the harmonic 
relation 

Lii{z)Lii{z)Lii{z) = 6Lii^i^i{z, z^, z^) + 3L^2,l(^^ 2^) + 3^^1,2(2, z^) + Li^^z^) 



derived from the decomposition of ^ 



mi ,(712, ma >0' 



we thus obtain 



QC,{Lii,i,i{z,z\z^)) =-3C(2,l)-3r(l,2)-C(3) = -3^ (1, 2) - 4C(3), 
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where we used the simplest sum formula C(2, 1) = C(3)- This proves ( ^^.471 ) for /1/2/3 = 1 
since (^{1,2) = —2({3) which follows from the image of the harmonic relation 



Lii{z)Lik-i{z) = Lii^k_i{z, z^) + Lzfc-i,i(2, z^) + Lik{z^) 



(2.49) 



under Co for /c = 3. 

Equation ( p.48|) for > 1 is clear because of (p.34|) and ( p.43| ). 

We prove ( |2.48| ) for /1/2 = 1 and Z3 > 1. By ( |2.12| ) with zi = Z2 = z^ = Z4^ = z, we 
obtain 



Lii^i{z,z)Lii^^i^{z,z) = Lii^i^i^^i^{z,z,z ,z ) + Lii^i^^i^^{z, z ,z ,z) 

+ Lii^isMA^y ^^ ^^ + Lii^AAMi^y ^^ ^^ + Lii^AMA^^ ^^ ^^ 

+ Lzi3,^,i,i(z, 2;, 2;^ 2;^) + Lz;3+i,i,i4(2:^ z^, z^) + Lzi3+i,^,i(z^ 2;^ z^) 



+ L2i3,i,^+i(2;, z^, z^) + L2i3+i,^+i(2^ 2;^) 



From this, ( g34l) and (|2l3|) , it follows that 

r(i,i,/3,/4) = -(r(i,/3,i,/4) + r(i,/3,/4,i) + r(^3,i,i,/4) + r(/3,i,/4,i) 
+ r (/3, /4, 1, 1) + r (/s + 1, 1, h) + r (^3 + 1, /4, i) + r (i, /3 + 1, ^4) 
+ r(/3,/4 + i,i) + r(i,^3,/4 + i) + r(/3,i,/4 + i) + r(^3 + i,/4 + i)). (2.50) 



On the other hand, by ( p.6|) , we obtain 

Lii^i{{zf)Lii^^i^{{zf) = Lii,i,;3,;,((2)^) + Lii,i3,i,^((2;)^) + Lii,i3j,,i((2;)^) 

From this, ( p34D , (|^, ( gliel) and (|230| ), it also follows that 

C(2)C(^3,/4) 



Co(Lzi,i,,3,^((z)")) =r(l,l,/3,/4)- 

This proves ( p. 481) for /1/2 = 1 and /3 > 1. 

Noting Cil, 1-3) = -(C(/ - 3, 1) + - 2)) which is obtained by ( plSil) , dUSj ) 
and ( |2.49| ) with k = I — 2, we can similarly prove ( |2.48| ) for ^1/2^3 = 1 and ^4 > 1 by the 
use of (|2.11|) with zi = Z2 = z^ = z^ = z and (|2^ ). We thus omit the proof. □ 



We prove Proposition |2T 

Proof of Proposition \2. % Equations ( p.37|) and ( p.38| ) are derived from (|2.46| ) and 
( p.47|) , respectively. It is seen from ( p.48|) that 

Co(niii(xi,X2,X3,X4; {z)^)) 
C(2) 



iyi'{xi,X2,X3,X4) — ^ C(^3,^4; 



™'3-l™U-l 



!3>2,I4>1 
(i3+!4=i-2) 
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+ 



/ C(3)C(^-3) C(2)C"(l,^-3) 
V 3 2 



Xa 



C(2) 



i3,!4>l 
(i3+i4=l-2) 



4 
4 5 



which proves (|2.39| ). 



□ 



3 Proof of Theorem [tTl] 



We give a proof of Theorem |1.1| by using Propositions |2.1| , |2.5| , |2.7| and ^]8] above, and 
Lemmas |3.2| and |3.3| below. We will show the lemmas after the proof. 



(3.1^ 



Proof of Theorem \1 . 1\ . Propositions ^3] and [2^ yield 



(t6C 



a>3,i)>l o-ec 

(a + b=0 



<»:''>2 „p7=; a>2,6,c>l (jgC 

(a + b=;) (a + ()+c=i) 

+ 5^ &^{x,)G^{x^)&^{x,)&^{x,) 

a,fa,c,(i> 1 

V ii,i2,i3,!4>l / 
('l+'2+i3+'4=0 

(The all extra values appearing in Proposition p.7| are canceled each other.) We find 



from (|3.1| ), Propositions ^]5| and |2^ that 

5 2:234! 3:34, Xi) 



a-es 



cr 



Y (^134, a^p(2)p(3)p(4) , a;p(3)p(4) , a^p(4) ) 

<7ecuq34) '-pe((234)> 

+ Y ^r(3;314,a;i4,Xp(2)p(4),a;p(4)) +nj°(x34i,X4i,Xi,X2) 

pe((24)) 

Y^' E ^r(2;i3,a;32,a:p(2)p(4),a;p(4)) + E ^"(^^m, 2:24, a;p(3)p(4), a;p(4)) 

aeC '-^€((24)) pe((34)) 

+0™(xi3, X23, 3:3, X4) + 0.T (Xi4, 0:42, X2, X3) + (X41, Xi, X2, Xs) 

-n;"(Xi,X2,X3,X4) 



il.i2.'3.'4>l 
(il+i2+'3+'4=0 
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By Lemmas |0| and this equation holds if we replace £3f by O.1, where £li{xi,X2, x^, X4) 
is a parameterized sum of multiple zeta values of weight / which is defined by 



£ll{Xi,X2,X3,X4) := ^ ^x^i ^x^i ^x^l ^C{h,kJ3,k)- 
We thus see from Lemma |3.3| that 

^ a ■ £ll{Xi23i, X234, X4) 



(3.2) 



- ^ ^- X] n«(a;i34,a;p(2)p(3)p(4),a;p(3)p(4),Xp(4)) 

aGCUC(34) '-^e((234)) 

+ ^ 0.l{x3u,Xi4,Xp(^2)pii},Xp(4)) + 0.l{x34i,Xii,Xi,X2) (3.3) 
pe((24)> J 

+ ^cr- ^ ^ni(Xi^(3),Xj,(3)2,a:pj,(2)p(4),a:p(4)) 

^ec '-^G((v(2)4)) 

+ (X^(i)3 , X2i.(3) , a;^(3) , X,,(4) ) + £li (X41 , Xi , X2 , X3) - 0; (xi , X2 , X3, X4) 

( xrvrM^-^xr^)c(o, 

\ ii,!2.'3.'4>l / 



('l+'2+'3+'4=0 

which with ( p.2| ) proves (|1.3|). 

We show the lemmas. 
LEMMA 3.1. We have 

n™(xi,X2,X3,X4) = ni(xi,X2,X3,X4) + OJ" (0, X2, X3, X4) . 



□ 



Proof. Equation (|3.4| ) is obvious because of ( p.36|) and ( p.2|) . 



(3.4) 



□ 



LEMMA 3.2. We have 

^ o- ■ OJ" (0, X234, X34, X4) 



, X234, X34, X4j, 



ctSCUC, 



^ ■ 0;°(O,Xi4,Xp(2)p(4),Xp(4)) 



o-ecuc. 



(34) 



pe((24)> 



, X41, Xi, X2) 

(34) 

■ nf'(0,Xi,X2,X3) 



o-eCuc, 



(34) 
pG<(234)> 

E n"(0,X32,Xp(2)p(4),Xp(4)) 
crGC '-pe((24)) 

+ E nj"(0,X24,Xp(3)p(4),Xp(4)) 
PG((34)) 



^(7 ■ (0,X23,X3,X4) + n;"(0,X42,X2,X3) 

<tGC 

, X2, X3, X4). 



<tGC 



o-ec 
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Proof. We use (|2.21|) without notice. We obtain the first equation by (C U C(34)) ■ 

((234)) = C U C(234) U C(243) U C(34) U C*(24) U C(23) 

C(34) = C'(i23), we have 



5*. Since C = C, 



(13)(24) 



and 



o-ec 
pe((24)) 



^ ■ Of (0,Xi4,Xp(2)p(4),2:p(4)) = ^ 0" ■ •Of'(0,xi4,a;p(2)p(4),a;p(4)) 

■SC(i3)(24) 
/'6((24)) 

^ ■•O"(0,X32,Xp(2)p(4),a;p(4)) 
o-ec 

)(24).((24)> 

^ (x-0f'(O,a;32,Xp(2)p(4),a;p(4)) 



o-ec 

pe(13)(24).((24)> 



<t6C 

pe((24)) 



and 



o-eC(34) 
PS<(24)> 



o-gC, 



^ (T-Q.f{0,Xi4,Xp(^2)pi4),Xp(i))= ^ 0- ■ •O5°(0,Zi4,Xp(2)p(4),a:p(4)) 

(123) 
pe((24)) 

^ ■ Hf (0,X24,a;p(2)p(4),a;p(4)) 

o-ec 

23). ((24)) 

^ Cr ■ 0f (0,X24,a;p(3)p(4),Xp(4)), 



o-ec 

pe(123)-((24)) 



o-ec 
pe((34)) 



which gives the second one. Similarly the third one follows. The fourth one is derived 
from C = C( 1234)- □ 

LEMMA 3.3. We have 



^(T- ^ nz(Xi3,X32,Xp(2)p(4),a:p(4)) + ^ Hz (Xm, 0:24, Xp(3)p(4) , Xp(4) ) 
aeC '-^6((24)> pe((34)> 

= X^0-- ^ ^nz(Xi^(3),X;,(3)2,Xp;,(2)p(4),a;p(4)) 

<Tec '-^£((1^(2)4)) j.ec 



(3.5) 



and 



^ Cr ■ [£li{Xi3, X23, Xs, X4) + nz(Xi4, 0:42, X2, X3)] 



V6C 



(3.6) 



Proof. Since C = {e, (1234)}, we have 

nz(a;i3,X32,Xp(2)p(4),a;p(4)) + ^ nz(xi4,X24,a^p(3)p(4),a;p(4)) 

pe((24)) pe((34)) 
= ^ y~^Qf(xi^(3), a;^(3)2, a^piy(2)p(4), a;p(4)), 

pG((i/(2)4)) i.gc 
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which gives We also have 

n/(xi3, X23, X3, X4) + £ll{x32,X24, X^, Xi) = ^ n;(x^(i)3, X2v(3) , a;j,(3) , 2:^(4)) • 

This proves ( p.6|) because of 

^ o- ■ ni(x32, X24, 2:4, xi) = ^ o- ■ £3;(a;i4, 2:42, 2:2, 2:3) 

which follows from C = C(i3)(24). □ 

4 Proof of Theorem [t72l 



In this final section, we derive Theorem |1.2| from Theorem [TT]. Before proving Theorem 



1.2 , we prepare some equations by substituting or 1 for each parameter Xj in (1.3). 
For the substitutions, the mathematical software "Maxima" is used implicitly, and 
3]) instead of (|1.3|) is referred to since both are equivalent and ( p.3|) is convenient to 



(/-3)C(0, (4.1) 
(/-3)C(/), (4.2) 



calculate. 

LEMMA 4.1. Let I be a positive integer with I > 5. We have 

20,(2, 2, 2, 1) + n,(2, 2, 1, 1) + 0^(2, 1, 1, 1) 
-20,(1, 2, 2, 1) - 0,(1, 2, 1, 1) - 30,(1, 1, 1, 1) 

40,(2, 2, 2, 1) + 20,(2, 2, 1, 1) - 40,(1, 2, 2, 1) _ 
-20,(1, 2, 1,1) -40,(1, 1,2,1) 

60,(3, 3, 2, 1) + 40,(3, 2, 2, 1) + 20,(3, 2, 1, 1) 
-60,(2, 3, 2, 1) - 80,(2, 2, 2, 1) - 40,(2, 2, 1, 1) _ // - 2 
-20,(2, 1,2,1) -20,(2, 1,1,1) + 40,(1, 2, 2,1) V 2 
+20,(1, 2, 1, 1) + 20,(1, 1, 2, 1) + 30,(1, 1, 1, 1) 

240,(4, 3, 2, 1) - 240,(3, 3, 2, 1) - 160,(3, 2, 2, 1) 

-80,(3, 2, 1, 1) + 160,(2, 2, 2, 1) + 80,(2, 2, 1, 1) = 3 ^) C(0- (4-4) 
+40,(2, 1,1,1) -40,(1, 1,1,1) 



C(/), (4.3) 



Proof. Equations (|]T]), (|3), (|]3[) and (0) are obtained by substituting (1, 1,0,0), 
(1, 0, 1, 0), (1, 1, 1, 0) and (1, 1, 1, 1) for {xi, X2, X3, X4) in (|3.3|) , respectively. □ 



We prove Theorem |T]|. Note that 0,(1, 1, 1, 1) = ((/) by with n = A 



Proof of Theorem Formulas ( |1.4|) and ( |1.5|) respectively follow from (|4.1| ) and 

( [4.2|) because of ( p. 21) . Formula (|1.6| ) is derived from subtracting ( |1.5D from twice ( |1.4|) . 

We prove ([Tg) next. Since 3(/ - 3)/2 + {^-^) = (/ + 1)(/ - 3)/2, adding up (|1]), 
the half of (O), and (O) yields 
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60^(3, 3, 2, 1) + 40^(3, 2, 2, 1) + 20,(3, 2, 1, 1) - 60,(2, 3, 2, 1) - 40,(2, 2, 2, 1) 

- 20,(2, 2, 1, 1) - 20,(2, 1, 2, 1) - 0,(2, 1,1,1) = ii±Mi:^^(/). (4.5) 

Since (/ + 1)(/ - 3)/2 + + 1 = (/ + l)(/2 + 5/ - 18)/24, adding up (|4j) and the 

quarter of (|4.4| ) also yields 



60,(4, 3, 2, 1) - 60,(2, 3, 2, 1) - 20,(2, 1, 2, 1) = (/ + l)(^^ + 5/ 18) ^^^^^ 
which proves (|1.71 ). □ 

REMARK 4.2. We rewrite (^), (|]4D and (|0| ), which are necessary to prove (|l]7D, in 
terms of quadruple zeta values C(l) = C{hj2,h, U) to see the explicit relations among 
these values. 

^'^3Zi2-i2'3 _^ 3ii-i2«23 + 3'i-i2'2 

_3;22«i3-i _ 2^123 _ 2^12 _ 2'i3-i _ 2^1 = (4.6) 

+2'23 +2'2 +2':^)C(1) 

^'(3/222;i+«3-i _ 3h2-i2'3+i _ 3«i-i2'23+i ^ ^ ^^1^12 (4 7) 

_3/i-i2«2+i + 2^123 + 2'" + 2'i)C(l) 12 

E'('3«12-l2'3 + l I 3«l-l2«23 + l I 3h-i2'2 + i 
^ =(/ + !)(/ _3)^(/), (4.8) 

_3«22^i3 _ 2^123 _ 2'i2 _ 2'i3 - 2'i)C(l) 

where (|]6]), ( pFD and (|]8]) correspond to (gj), (|^ and (|45| ), respectively. 
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